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Student Task:

In this lesson, students use 2 different colored chips to model the addition of positive and negative integers and connect the model to number sentences.  They also represent the addition of positive and negative integers on a number line.

Materials:

·  Task (attached); task sheet; 2 different colored counters or chips, two dice.
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Standards Addressed in the Lesson:
· NS 2.1 
Add, subtract, multiply, and divide with decimals; add with negative integers; subtract positive integers from 



negative integers; and verify the reasonableness of the results.

MR 2.4
Express the solution clearly and logically by using the appropriate mathematical notation and terms and clear 


language; support solutions with evidence in both verbal and symbolic work.
           MR 2.3 
Use a variety of methods, such as words, numbers, symbols, charts, graphs, tables, diagrams, and models to explain 


mathematical reasoning.
Mathematical Concepts:

The mathematical concepts addressed in this lesson:
· Deepen the conceptual understanding of positive and negative integers.
· Develop a conceptual understanding of adding positive and negative integers and begin to understand the algorithm for adding integers.

Academic Language:

The concepts represented by these terms should be reinforced/developed through the lesson:

· Number line    • Integer      • Positive integer     •  Negative integer    • Opposite
• Zero Pair
Encourage students to use multiple representations (drawings, manipulatives, diagrams, words, number(s), to explain their thinking.

Assumption of prior knowledge/experiences:

· Understanding of the definition of integer

· Understanding that positive integers represent values greater than 0 and negative integers represent values less than 0

· Understanding that  the sum of a number and its opposite is 0

Organization of Lesson Plan:

· The left column of the lesson plan describes rationale for particular teacher questions or why particular mathematical ideas are important to address in the lesson.
· The right column of the lesson plan describes suggested teacher actions and possible student responses.
Key:
Suggested teacher questions are shown in bold print.

Possible student responses are shown in italics.

** Indicates questions that get at the key mathematical ideas in terms of the goals of the lesson
Lesson Phases:

The phase of the lesson is noted on the left side of each page. The structure of this lesson includes the Set-Up; Explore; and Share, Discuss and Analyze Phases.
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	HOW DO YOU SET UP THE TASK?

· Solving the task prior to the lesson is critical so that:

· you become familiar with strategies students may use.

· you consider the misconceptions students may have or errors they might make. 

· you honor the multiple ways students think about problems.

· you can provide students access to a variety of solutions and strategies.

· you can better understand students’ thinking and prepare for questions they may have.

· Planning for how you might help students make connections through talk moves or questions will prepare you to help students develop a deeper understanding of the mathematics in the lesson.

· It is important that students have access to solving the task from the beginning.  The following strategies can be useful in providing such access:

· strategically pairing students who complement each other.

· playing the game either before or during the lesson.

· providing manipulatives or other concrete materials.

· identifying and discussing vocabulary terms that may cause confusion.

· posting vocabulary terms on a word wall, including the definition and, when possible, a drawing or diagram.
SETTING THE CONTEXT FOR THE TASK

Linking to Prior Knowledge

It is important that the task have points of entry for students.  By connecting the content of the task to previous mathematical knowledge, students will begin to make the connections between what they already know and what we want them to learn.
	HOW DO YOU SET UP THE TASK?

· Solve the task in as many ways as possible prior to the lesson.

· Think about how you want students to make connections between different representations and different strategies.

· Make certain students have access to solving the task from the beginning by:

· having students work with a partner.
· having the problem displayed on an overhead projector or black board so that it can be referred to as the problem is read.

· playing the game either before or during the lesson.

· providing 2 different sets of colored chips to each pair.

· Think about how students will understand the concepts used in the task (number line, integer, positive integer, negative integer, opposite) within the context of the lesson. As concepts are explored a word wall can be referenced to generate discussion. The word wall can also be used as a reference if and when confusion occurs.
· Think about how you want students to make connections between different strategies.

SETTING THE CONTEXT FOR THE TASK

Linking to Prior Knowledge

· Ask students to talk about their favorite games and how they keep score for the games.  Tell them that today they will be discussing a game and keeping score for the game.
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	SETTING THE CONTEXT FOR THE TASK (cont.)

Questions 1 and 2

· As a student is reading, you might model rolling 2 dice and show the number of chips you would receive.

· Having students explain how they think the game works might surface any confusions or misconceptions that can be dealt with prior to engaging in the task.

· Having students restate what the problem is asking them to do will help clarify the problem for the whole group.

· Do not let the discussion veer off into strategies for solving the task, as that will diminish the rigor of the lesson.


	SETTING THE CONTEXT FOR THE TASK (cont.)

Questions 1 and 2

Ask a student to read the problem as others follow along.  It would be helpful to show the 2 dice and some chips as the student is reading. 

In the game of Chips, each yellow chip represents a value of positive one and each red chip represents a value of negative one.

Each player takes a turn and rolls 2 dice – one white and one red. The player receives the number of chips that match with the numbers they rolled and then finds the sum.  For example, if you rolled a 4 on the white die and a 2 on the red die you would receive 4 yellow chips and 2 red chips.  You would then find the sum. The winner is the player who has the highest score after 2 turns.

· Ask several students to explain how the game works and to give several examples. 

· You might ask partners to share with each other what the problem is asking them to do and then restate for the whole class.
· Ask a student to read the first 2 questions for the task.  Then ask several other students to explain what the questions are asking them to find.
1) What is each player’s sum after the 1st turn?  Show how you found your answer and write a number sentence for each.

2) What is each player’s sum after the 2nd turn?  Show how you found your answer and write a number sentence for each.
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	INDEPENDENT PROBLEM-SOLVING TIME

It is important that students be given private think time to understand and make sense of the problem for themselves and to begin to solve the problem in a way that makes sense to them.

Wait time is critical in allowing students time to make sense of the mathematics involved in the problem.

FACILITATING SMALL-GROUP EXPLORATION

If students have difficulty getting started:

It is important to ask questions that do not give away the answer or that do not explicitly suggest a solution method.

· Students should be encouraged to use partner talk prior to asking the teacher for assistance if they are having difficulty getting started. 

· It is important to ask questions that scaffold students’ learning without taking over the thinking for them by telling them how to solve the problem.

· Once you have assessed students’ understanding, then ask students questions that will advance their thinking or challenge them to think about the task in another way.

Possible misconceptions or errors:

It is important to have students explain their thinking before assuming they are making an error or having a misconception.  After listening to their thinking, ask questions that will move them toward understanding their misconception or error.  


	INDEPENDENT PROBLEM-SOLVING TIME

· Tell students to work on the problem by themselves for a few minutes.

· Circulate around the class as students work individually.  Clarify any confusion they may have, but do not tell them how to solve the problem.  

· After several minutes, tell students they may work with their partners or in their small groups.

FACILITATING SMALL-GROUP EXPLORATION

If students have difficulty getting started:

It is very important that students use the chips in solving the problems.   Ask questions such as:

· Let’s look at Jamal.  What did he roll?  Show me how many chips he would now have.

· What do you think the problem is asking you to do?

· How could we find the sum of the chips?

Possible misconceptions or errors:

· Failing to understand the values represented by the yellow and red chips

· Let’s read the problem.  What does a yellow chip represent?  What does a red chip represent?  

· How do you write those numbers?
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	· Having students demonstrate their thinking using a concrete model often allows them to discover their misconception or error.
FACILITATING SMALL-GROUP EXPLORATION (cont.)

Possible Solution Paths:

Monitoring students’ progress as they are engaging in solving the task will provide you with the opportunity to select solutions for the whole group discussion that highlight the mathematical concepts.
· It is important for students to record their solutions on the task sheet so that they can make the connections between the concrete model and the number sentences.

· It is important to consistently ask students to explain their thinking.  It not only provides the teacher insight as to how the child may be thinking, but might also assist other students who may be confused.
· Providing connections between different representations (i.e., the chips and the number sentences) strengthens students’ conceptual understanding.

	FACILITATING SMALL-GROUP EXPLORATION 
Possible Solution Paths:

As you are circulating, look for students who have solutions for the whole group discussion that highlight the mathematical concepts. Most students will choose the number of chips and then remove an equal number of yellow and red chips.

1st turn:

Jamal      
      = red (-)        Eva                  = yellow (+)



You might ask/say:

· **Why did you remove the same number of red and yellow chips?  What is the math term we use to describe this?

· **How can you show what you did on your recording sheet?

· **What number sentence can you write that represents what you did?

2nd  turn:

Jamal                                            Eva


You might ask/say:

· **How can you show what you did on your recording sheet?

· **What number sentence can you write that represents what you did?
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	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON

How will sharing student solutions develop conceptual understanding?

The purpose of the discussion is to assist the teacher in making certain students deepen their understanding of positive and negative integers and begin to develop an understanding of how to add positive and negative integers through making connections. Questions and discussions should focus on the important mathematics and processes that were identified for the lesson.

· You might stop here and mark the importance of the sharing. Here is where students will begin to make connections among each other’s work as they build understanding of the concept.
** Indicates questions that get at the key mathematical ideas in terms of the goals of the lesson

Possible Solutions to be Shared and How to Make Connections to Develop Conceptual Understanding:

Question 1

· When asking students to share their solutions, the questions you ask should be directed to all students in the class, not just to the student(s) sharing their solution.

· Asking students consistently to explain how they know something is true develops in them a habit of explaining their thinking and reasoning.  This leads to deeper understanding of mathematics concepts.

· Asking other students to explain the solutions of their peers builds accountability for learning.
	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON

How will sharing student solutions develop conceptual understanding?

This particular task does not allow for many multiple solution paths. In this lesson, the importance should be placed on making connections between the concrete model and the related number sentence.

Possible Solutions to be Shared and How to Make Connections to Develop Conceptual Understanding:

Question 1

Ask a student to demonstrate on the overhead or at the board how he/she used the chips for the 1st turn

1st turn:

Jamal                                            Eva



You might ask:

· **Why did ____ remove the same number of red and yellow chips?  What is the math term we use to describe this?

· How does removing the same number of red and yellow chips help you find the sum of the two turns?

Students should state that the yellow chips and red chips are opposites or zero pairs.  The sum of a number and its opposite is 0. The resulting chips (leftovers) tell you the sum of the two integers.

· How did you show what you did on your recording sheet?
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	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

Making connections

· Having the solution presented both concretely and symbolically will help students make connections between the concrete and symbolic representations.  This will strengthen their conceptual understanding of adding integers.  
· Having students look for patterns will help them see connections between the model and the number sentences.

	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

Students should demonstrate using some sort of diagram that shows that Jamal had 2 red chips and 6 yellow chips.  2 red chips and 2 yellow chips are opposites (zero pairs) so their sum is 0. The resulting 4 yellow chips tell us that the sum of the two integers is +4.
· **What number sentence did you write that represents what you did?
· **What do you notice about the two integers that you added and their sum? What patterns do you see?
Students might see that adding -2 to +6 is like subtracting 2 from 6. Encourage students to restate each other’s thinking if this is shared.

Students should have written the following:

Jamal:  -2 + 6 = 4   or   6 + -2 = 4

Eva:      -3 + 1 = -2   or   1 + -3 = -2

Making connections

· **How do we see the number sentences in what you showed on the recording sheet?

· **How are the number sentences and chips related?

The -2 + 6 is the 2 red and 6 yellow chips Jamal had.  Since 2 red chips and 2 yellow chips are opposites, their sum is 0 so that leaves 4 yellow chips.  Eva has 1 yellow chip and 3 red chips so her sum is -2. .
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	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

· Asking other students to explain their interpretation of what is being discussed can expose possible misinterpretations or misunderstanding of the solution.  It can also help other students develop a deeper understanding of the mathematics if they are hearing and seeing the solution interpreted in different ways.

· Making a connection to the use of opposites or zero pairs will help later with work around subtraction of integers using two color counters.

· Subtracting integers using two colors counters depends on students’ ability to build any integer with any number of zero pairs. For example, - 2 – 4 can only be done if one builds -2 with 4 zero pairs so that 4 yellow or 4 positive chips can be taken away:








Value: -2

In order to subtract + 4, one would take away 4 yellow chips, leaving 6 red or – 6. -2 – 4 = -6
	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

Question 2

Ask a student to demonstrate on the overhead or at the board how he/she used the chips for the 2nd turn:

2nd turn:

Jamal                                            Eva




You might ask:

· **What number sentence describes what ___ represented? 

· **What connections do you see between the number sentence and the chips?

· **What patterns do you see in the number sentences?

Again students may see that canceling the zero pairs (or opposites) allows them to find the sum of the two integers by looking at what is leftover. They may also notice that adding a + 1 to a – 6 is the opposite of subtracting 1 from 6. 6 - 1 = 5 therefore -6 + 1 = -5. Ask questions that help them verbalize these generalizations. Then ask them if it works in every case.

Jamal:  3 + -3 = 0   or   -3 + 3 = 0

Eva:      -6 + 1 = -5   or   1 + -6 = -5
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	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

Making connections

· Having the solution presented both concretely and symbolically will help students make connections between the concrete and symbolic representations.  This will strengthen their conceptual understanding of adding integers.  
Commutative property of addition

· It is important to connect the discussion of the number sentences and the commutative property to the diagrams students drew. Highlighting the commutative property for addition through this connection could prevent future misconceptions when students begin to learn subtraction of integers.
	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

Making connections

· **How do we see the number sentences in what ___ showed us?

· **What patterns do we see as we use the chips to model addition of integers?

· **What patterns do we see in the number sentences?

The 3 + -3 is the 3 yellow and 3 red chips Jamal had.  Since 3 yellow chips and 3 red chips are opposites, their sum is 0. The -6 + 1 is the 6 red and 1 yellow chip Eva had.  Since 1 red chip and 1 yellow chip are opposites, their sum is 0 so that leaves 5 red chips which is -5.

Commutative property of addition

· If a discussion about the order of the integers in the number sentences has not yet occurred you might say:

· I’m wondering, I saw someone write -3 + 3 = 0 for the number sentence of Jamal’s 2nd turn.  Is this correct?  Why or why not? 

· What is another way to write the number sentence for Eva’s second turn?

· How would the diagram you drew be the same or different?  How would the number of chips be the same or different?

Students should be able to explain that the number sentences are equivalent.  Both -3 + 3 = 0 and 3 + -3 = 0 mean that 3 red chips and 3 yellow chips combined have a sum of 0.  For Eva, another number sentence would be 1 +   -6 = -5.
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	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

Question 3

· The whole group discussion does not always consist of the sharing of various strategies and solutions.  For this task, it is used to also connect the concrete and symbolic models for adding integers to representing the addition of integers on a number line.

· Asking students to take a stand and justify their position strengthens their ability to communicate mathematically and signals to them that the teacher is not the only mathematical authority in the classroom.

Question 4

The following discussion will serve to make a connection to the number line model for integer addition.
	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

Question 3:

Let’s look at question 3:

3. Eva says that she won the game because she has the highest score after 2 turns.  Is Eva correct?  Explain how you know.

Ask students to take a few minutes of private think time to solve the problem.  Then ask them to discuss it with their partners.  After a few minutes, ask a student to share the solution.  

Jamal                               Eva



4 + 0 = 4                          -2 + -5 = -7
You might ask:
· Is Eva correct? Why or why not?

Students should explain that Eva is not correct.  She has seven red chips at the end of the game, which have a value of -7.  Jamal has 4 yellow chips, which have a value of 4.  A value of 4 is greater than a value of -7 because 4 is more than 0 and -7 is less than 0.

Question 4

4.  How can we represent each of the number sentences on a number line?
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	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

Connecting to the number line

· Beginning with the concrete model (yellow and red chips) provided an entry point for students to begin to understand the addition of integers.  The number line model, a more difficult model for integer addition for many students, can then be connected to the concrete and symbolic models.  

This sequence (concrete – symbolic – number line models) can be used in the future to develop an understanding of integer subtraction, a procedure that is very often misunderstood by students. 

· Counting out loud as the student adds 6 may assist students in making connections to the number line.


	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

Connecting to the number line

You might display a number line on the overhead or on the board.  Ask for a student to be the “recorder” for the number line.

You might say:

· In Jamal’s first turn, he had 2 red chips and then 6 yellow chips.  What is the value of 2 red chips?  Where would that be located on the number line?

Students should say Jamal began with -2, which is 2 units to the left of or “below” 0.  Ask the recorder to place a point at   -2 on the number line.


      -7  -6  -5   -4  -3  -2   -1   0   1    2   3    4   5   6    7  
· How would we show that Jamal then got 6 yellow chips?

Students should say that they need to add 6 to the -2. Ask the recorder to start at -2 and count out loud as he/she moves 6 spaces.

                                    1     2    3     4    5    6



    -7  -6  -5   -4  -3    -2   -1   0     1    2   3    4     5    6    7  

· So what is -2 plus 6?  What number sentence would we write?

-2 + 6 = 4

· What would happen if we started with the 6 yellow chips and then added the 2 red chips?
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	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

· It is important that students see adding negative two on the number line means moving left 2 spaces.

· Asking students to make connections between the number line model and the chip model will build flexibility of thinking and deepen their understanding of strategies for adding integers.

Summary:

Beginning to connect to the algorithm

Asking students to verbalize the procedure for adding integers is a way to begin to develop the algorithm.  However, students should have additional opportunities to model the addition of integers using the number line.  If students are having difficulty, have them first use the chips to model the problem and connect this to the number line.


	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

Ask another student to come to the board and demonstrate.

                                    

    -7   -6  -5   -4  -3  -2    -1    0    1    2   3    4    5     6    7  

· I thought we were adding.  Why did ___ move 2 to the left?

Students should say that you would move to the left because you are adding negative 2.

· What number sentence does this show?

6 + -2 = 4

Finally another way that this could be shown is:



 -7  -6  -5   -4   -3   -2  -1   0     1    2    3    4    5     6    7  

or:



 -7  -6   -5   -4  -3   -2   -1   0     1    2   3     4   5     6    7  

The first model starts at zero, shows the value of 6 and then shows the sum of –2 by moving back two spaces. (The second model first moves back 2 and then forward 6.) These solution strategies for using the number line have the closet link to the chip model. If a student does not demonstrate it, introduce it by saying: (See Next Page)
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	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

· It is important that students see adding negative two on the number line means moving left 2.

· Asking students to make connections between the number line model and the chip model will build flexibility of thinking and deepen their understanding of strategies for adding integers.

Summary:

Connecting the models:

It might be useful to show all of the different models that were used and make connections between them. Ask the class where they see “zero pairs” or “opposites” in each of the models and how the models help them think about what is happening when a positive and a negative integer are combined or added. Additionally, there may be a conversation around absolute value. Students might begin to see patterns in the numbers and will begin to develop generalizations. Make sure the language of the generalizations comes form them and that you as a facilitator mark the appropriate mathematical vocabulary.
	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)
· In another class, I saw a student show 6 + -2 by doing this. What do you think? 

· How would you use this strategy to show 3 + -3?

Then ask: 

· What connections do you see between the number line model and the chip model?

· Where do we see opposites or zero pairs on the number line? Where so we see leftovers?

Summary:

· In this problem, what did the yellow chips represent? What did the red chips represent?

The yellow chips represent positive integers and the red chips represent negative integers.
Beginning to connect to the algorithm

· How do we show the adding of positive and negative integers using the chip model?

· How do we show the adding of positive and negative integers on the number line?

Students could state that the first number is the starting point on the number line.  The second number tells you to go right that many spaces if you are adding a positive number and to the left that many spaces if you are adding a negative number. Students could also state that the first number indicates that you move right or left that many spaces (absolute value) on the number line depending on its sign while the second number tells you to go right that many spaces if you are adding a positive number and to the left that many spaces if you are adding a negative number.
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	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

Having students make connections between models builds their understanding of the concept.

Having students make generalizations helps they see patterns in the numbers and establish efficient ways of adding integers.


	FACILITATING THE SHARE, DISCUSS, AND ANALYZE PHASE OF THE LESSON (cont.)

· How do both models connect to our equations?

Students could state that the chip model shows how adding a positive integer to a negative integer is like subtraction when you take the opposites or zero pairs away and then count what is leftover. 

· What generalizations can we make about adding a positive integer to a negative integer?

Students may also see that if you subtract the absolute values of the integers and then assign the sign that corresponds to the sign of the integer with the greater absolute value then this is very similar to what is happening with the chip model.

Making the connection to subtraction will inevitably come up. Make sure, though, that you emphasize through questioning that we are still adding integers, but when we combine a negative and a positive integer the negative results in a loss, which is like subtraction. Ask questions like:

· Why is adding a negative integer to a positive integer like subtraction?

· What relationships do you see between each of these ways of solving the same problem? (In reference to the shared solution paths and the models therein)
· What generalizations can we make about adding a negative integer to a negative integer?
Assignment:

Ask students to model the remaining number sentences on the number line.
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1st turn
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Final score

Jamal








Eva

1st turn
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Concept Lesson: The Game of Chips


Fifth Grade – Quarter 3


Note: Developing an understanding of the mathematical concepts and skills embedded in a standard requires having multiple opportunities over time to engage in solving a range of different types of problems, which utilize the concepts or skills in questions.





Number Relationships and Algebraic Reasoning


Equations, expressions, and variables are mathematical models used to represent real situations.








Arithmetic operations are represented by both models and algorithms for integers.





Represent and identify positive and negative integers on a number line.


Add with negative integers and subtract a positive integer from a negative integer.
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Share, Discuss, and Analyze (pp. 8-16)


Beginning with the concrete and connecting to a number sentence


-Students share solutions using chips or counters.


-Students connect the solutions to appropriate number sentences.


-Students discuss the commutative property of addition.


Connecting to the number line


-Students connect the concrete and numerical representations to a number line representation.








Explore (pp. 6-7)


Using the chips or counters


-Students begin by using the chips or counters to solve the problems and record their solutions.


Connecting to a number sentence


-Students write number sentences connected to the concrete representation they recorded.








Set Up (pp. 4-5)


Providing access


-Students are provided with manipulatives to assist in solving the problem.


-Students are asked to explain what they are trying to find in the problem.




















THE LESSON AT A GLANCE





Summarizing the Mathematical Concepts of the Lesson


Integers can be combined through addition.


Integer addition can be modeled using concrete objects, number sentences, and a number line.


The commutative property of addition applies to integers.
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In the game of Chips, each yellow chip represents a value of positive one and each red chip represents a value of negative one.


Each player takes a turn and rolls 2 dice – one white and one red. The player receives the number of chips that match with the numbers they rolled and then finds the sum.  For example, if you rolled a 4 on the white die and a 2 on the red die you would receive 4 yellow chips and 2 red chips.  You would then find the sum. The winner is the player who has the highest score after 2 turns.


Following is what your friends, Jamal and Eva, rolled:  


1st turn	Jamal:  red 2, white  6			Eva: red 3, white   1


2nd turn	Jamal:  red 3, white  3			Eva: red 6, white   1








�


�





What is each player’s sum for the 1st turn?  Show how you found your answer and write a number sentence for each.














What is each player’s sum for the 2nd turn?  Show how you found your answer and write a number sentence for each.
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	Eva says she won the game because she has the largest sum after 2 turns.  Is she 	correct?  Explain how you know.






































	How could you use a number line to show each of the number sentences?
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